1. Lecture 3 1.1. Extensions of Q p by its Tate twist. Let K ⊂ C p be a finite extension of Q p and W be a two dimensional vector space over K with a K-linear action of D := Gal(Q p /Q p ). We start with an extension of local Galois modules 0 → K(1) → W → K → 0 over D. This type of extensions (for K = Q p ) can be obtained by the p-adic Tate module W = T p E ⊗ Zp Q p of an elliptic curve E /Qp with multiplicative reduction.
We prepare some general facts. The following is a description of a result in [GS1] Section 2 (see also [H07] 
(M) .
From the left to the right, the map is given by
gives the inverse map. By Kummer's theory, we have a canonical isomorphism:
We write γ q ∈ H 1 (K(1)) for the cohomology class associated to q ⊗ 1 for q ∈ Q p × . The class γ q is called the Kummer class of q. A canonical cocycle ξ q in the class γ q is given as follows. Then ξ q (σ) = lim 
Each infinitesimal deformation gives rise to an infinitesimal character ψ : D → K × with ψ mod (ε) = 1. Define K(ψ) for the space of the character ψ. Obviously,
Since the extension
K(ψ) is split if and only if
dψ dt = 0, we get
Note that
where, as we have seen in Lecture 2, the last isomorphism is given by
This follows from local class field theory. Since the Tate duality ·, · is perfect, for any line in H 1 (D, K), one can assign its orthogonal complement 
By an explicit form of Tate duality, we have
Proof. The case L = Q p is treated in [GS1] 2.3.4 and the gneral fact is in [H07] . For simplicity, we assume L = Q p . Since γ q , φ = φ(σ q ) for φ ∈ H 1 (D, Q p ) = Hom(D, Q p ) and γ q ∈ H 1 (D, Q p (1)), applying these formulas to φ = dψ dt
, we get (a) ⇔ (b) by the definition of the correspondence in Proposition 1.4.
Here is the argument proving (b) ⇒ (c). Let ξ Q be a 1-cocycle representing γ Q for
is the 2-cocycle representing the cup product γ Q ∪ [ Q p (ψ)] (another expression of the Tate pairing), which vanishes by (b) (⇔ (a)). Thus it is a 2-coboundary:
. One checks that this is well defined by Conversely suppose we have the commutative diagram as in (c), which can be written as the following commutative diagram with exact rows and columns:
) vanishes because the leftmost vertical sequence splits. On the other hand, letting δ ψ :
stand for the connecting homomorphism of degree 0 coming from the rightmost vertical sequence, and letting δ i :
) be the connecting homomorphism of degree i associated to the bottom row and the top row. By the commutativity of the diagram, we get the following commutative square:
, we confirm dψ dt ∈ Ker(δ 1 ). By Proposition 1.1, γ Q is the in the image of δ 0 . Thus (a)/(b) follows if we can show that Ker(δ 1 ) is orthogonal to Im(δ 0 ).
Since W = T p E ⊗ Q, W is self dual under the canonical polarization pairing, which induces a self duality of W and also the self (Cartier) duality of the exact sequence 0 → Q p (1)
In particular the inclusion ι and the projection π are mutually adjoint under the pairing. Thus the connecting maps δ 0 :
) are mutually adjoint each other under the Tate duality pairing. In particular, Im(δ 0 ) is orthogonal to Ker(δ 1 ).
1.2. How to relate the L-invariant with the logarithm of Tate period. Take an elliptic curve E with multiplicative reduction over the finite extension L /Qp . Let
We have L(m) = 1 if b = e, and the value L(1) when b < e is given by
Proof. In the proof, we continue to assume F p j = Q p for all j = 1, . . . , e. Fix an index j.
Suppose j ≤ b. We have a D j -stable filtration 0 = F 2 W j ⊂ F 1 W j ⊂ W j = F 0 W j . Let δ j be the nearly ordinary character δ j := (δ j mod (X 1 , . . . , X j−1 , X 2 j , X j+1 , . . . , X e )). The character δ j satisfies δ j ≡ α p j = 1 mod (X j ) for the trivial character 1 of D. Since det(ρ) = N (K3), we have
The matrix form of the D j -representation W j is 
